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The Selection of Design Variables in
Systems of A|gebrc|ic Equations

Present algorithms for the selection of design variables produce a

NEIL L. BOOK

single combination of design variables which results in a solution sequence and

of minimum difficulty. A new theory entitled solution mapping results
in information about all optimal combinations of design variables. This
theory gives detailed information about the structure of all underspecified
systems of algebraic equations which do not contain persistent iteration.

W. FRED RAMIREZ

Department of Chemical Engineering
University of Colorado
Boulder, Colorado 80302

SCOPE

Typical systems of algebraic equations in steady state,
macroscopic design problems have a few characteristics
which are dominating factors in the difficulty of obtain-
ing solutions. Usually the equations contain few variables
(are sparse) and are nonlinear. Solution strategies for
sparse systems of equations are, in general, easily ob-
tained. Conversely, the nonlinearity of the equations in-
creases the difficulty of obtaining a solution.

A general characteristic of a system of algebraic de-
sign equations is that the number of variables is equal
to or greater than the number of equations. When the
number of variables is greater than the number of equa-
tions, a set of design variables must be assigned numerical
values in order that the system be reduced to a determinant
system with an equal number of equations and variables.
Judicious selection of design variables can lead to a set
of equations whose solution sequence encounters a mini-
mum of difficulty.

Solution sequences for systems of algebraic equations
can be separated into three classes: one-to-one or acyclic,
simultaneous, and iterative solution sequences. A one-to-
one, as opposed to simultaneous or iterative solution se-
quences, solves each equation, whether linear or non-
linear, in a one at a time technique and does not require
any assumed solution points. Systems of equations which
can be reduced to a determinant system with a one-to-one
solution sequence are said to be without persistent itera-
tion. Any system which cannot be reduced such that it

Correspondence concerning this paper should be addressed to W, Fred
Ramirez.
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has a one-to-one solution sequence is said to contain
persistent iteration.

For systems of algebraic equations without persistent
iteration, all one-to-one solution sequences are considered
as equal minimum difficulty solution strategies. This is a
somewhat arbitrary objective function, since it might be
less difficult to solve a set of linear simultaneous equations
than a series of acyclic equations for nonlinear elements.

Previous algorithms developed for the selection of de-
sign variables in systems of equations without persistent
iteration are based on the pioneering work of Steward
(1962) which introduced the concept of admissable output
sets. An admissable output set has two properties: each
equation contains exactly one output variable, and each
variable appears as the output element of exactly one
equation.

The work by Lee et al. (1966) was one of the earliest
attempts to base design variable selection on a mathemati-
ical basis. This algorithm operates on a bipartite graph
representation for a system of equations and operates
only on systems of equations without persistent iteration.
The Lee et al. (1966) algorithm was adapted to operate
on occurrence matrix representations as presented in
Rudd and Watson (1968). This algorithm assigns an ad-
missable output set to a system of equations. The result
of the algorithm is a single, optimal combination of de-
sign variables and a one-to-one solution sequence for the
system of equations.

A system of equations can have many combinations of
design variables which will result in one-to-one solution
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sequences. Each of the optimal combinations can have
varying degrees of applicability to a specific design prob-
lem. The purpose of this study was to obtain information
on all optimal combinations of design variables which

resulted in a minimum difficulty (one-to-one) solution
sequence. This information allows the designer to obtain
an optimal combination of design variables with the most
applicability to a design problem.

CONCLUSIONS AND SIGNIFICANCE

Simple algorithms have been developed which will
determine if a set of design variables result in a one-to-
one solution sequence (Book, 1974), If these algorithms
are applied for each possible design variable combina-
tion, the result is a listing of all optimal combinations of
design variables. Unfortunately, typical systems of design
equations contain large numbers of design equations and
have several design variables associated with the system
of equations. Combinatorial problems arise rapidly with
the number of equations which prohibit the use of such
simple algorithms.

The algorithms presented here are based on a simple
theory entitled solution mapping. The solution mapping
theory defines all combinations of design variables which

result in one-to-one solution sequences and also results
in specific information about the structure of a system of
algebraic equations. The structural information can se-
verely reduce combinatorial problems encountered in ana-
lyzing all combinations of design variables. This allows
the designer to quickly choose among the optimal com-
binations for the combination most suited to a specific
design problem.

Although the solution mapping theory is most applica-
ble to systems of design equations in which the designer
has a great deal of flexibility in selecting combinations
of design variables, the technique is applicable to any
underspecified system of algebraic equations which does
not contain persistent iteration.

STATEMENT OF THE PROBLEM

A system of N equations with M unknown variables can
be written as
f(x) =0 (1)

where x is the M dimensional vector of variables, and f
is an N dimensional set of linear and nonlinear operators.

To obtain an N by N determinate system of equations,
M — N = D, design variables must be assigned numerical
values. There are CyM = CpM = M!/N!D! possible com-
binations of design variables. The combinatorial problems
become quickly prohibitive in checking all possible com-
binations of design variables for a minimum difficulty
solution sequence.

The combinatorial problems can be reduced by analyz-
ing the structure of the system of equations. One of the
most convenient techniques for expressing the structure
of a system of equations is the occurrence matrix repre-
sentation. The columns of the occurrence matrix repre-
sent the M variables, and the rows represent the N equa-
tions. If variable x; appears in equation 4, then a flag is
set to true in element (i, j). If variable x; does not appear
in equation 4, then a flag is set to false in element (i, f).

The number of elements set true in row i of the oc-
currence matrix is defined as the equation degrees of free-
dom §; of equation 4. The number of elements of column §
which are set true is defined as the variable degrees of
freedom r; for variable j.

An example process flow sheet for a mixer-exchanger-
mixer system is shown in Figure 1. The following assump-
tions were made in the development of the design equa-
tions which model the system: steady state operation,
pressure effects were ignored, all physical properties were
known and constant, perfect mixing, no energy loss, and
cost information was not important.

The twenty eight equations of Figure 2 were generated

~which model the steady state operation of the design
system. The variables were assigned numbers as indicated
in Table 1. This problem was presented by Ramirez and
Vestal (1972).

Variables T and x5 were specified as known variables
m the statement of the design problem. Equations (9),
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Fig. 1. Mixer-—exchanger—mixer system.

(10), (12), and (18) were arbitrarily chosen to be re-
moved to eliminate four redundant material balance equa-
tions. Further, Equations (1), (2), (4), and (6) and
the variables which appeared in them were removed be-
cause the equations had a degree of freedom of 1.

The occurrence matrix representation for the system
of equations is shown in Figure 3. There are 29 variables
and 20 equations resulting in C?® = 3 108 105 possible
combinations of eight design varjables,
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Material Balance Equations
Mole Fraction Equations

x,1=1
xg3 =1
x1,3 + x2,3 =
x4 = 1

x1,5 + xg5 = 1
x3,6 + xa6 = 1
x1,7 + xe,7 + x37 + x47 =1

sNowmewWwhN—

Component Balance Equations
8 X1,1*F1=X1,3*F3
9 x22*Fa=x23*F3

10 xe4*Fa=x22*Fy

N xi3*F3=x15*Fs

12 x23*F3 =x35*Fs

13 xi5*Fs =x1,7*F7

14 xo5*Fs =xo7*Fr

15 x36*Fs = x3,7* Fr

16 x40 *Fg = x47*Fy

Flow Balance Equations
17 Fi1 +F; = F;3

18 Fo=F,4

19 F3=F;

20 Fs 4+ Fs=F;

Four material balance equations are redundant.
Energy Balance Equations
21 C1*Fi1*T1 4+ Ca*Fg
*To=C3*F3*T3
22 Cu*Fy*Ty =
Co*Fo*Ty — Q2
23 C3*F3*T3 =
Cs*Fs*Ts — Qs
24 C5*Fs*Ts5+4Ce*Fs*Ts
=Cr*F;*T7
Equipment Specification Equations
25 Vi=F3*t1/p3
26 Q2 =Us* Ay * ATy
27 ATimg = (T2 — T3) — (T4 — T3))/
loge (T2 — T3) / (T4 — T5))
28 Vy=Fr*t3/p7

Fig. 2. Equations describing mixer—exchanger—mixer system

PROPERTIES OF OCCURRENCE MATRIX
REPRESENTATIONS

The occurrence matrix representation is a representa-
tion of the functional form of the system of equations,
It does not indicate the difficulty in obtaining the solu-
tion of a specific equation. An equation whose equation
degree of freedom is 1 (a degree one equation) has the
functional form

fz) =0 (2)

where x; is variable i and f is a set of linear or nonlinear
operators. It is an equation in one unknown and, if a
single, real solution exists, can be solved for x; such that
the equation is reduced to

xX; = C (3)

where C is a numerical constant.

A degree one equation may have multiple real solu-
tions, imaginary solutions, or no solution may exist. In
most engineering applications, a variable usually has a
single, real root with physical significance.

By solving a degree one equation, the variable which
appears in the equation becomes a known variable. If
the numerical value of a known variable is substituted
into all equations in which the known variable appears,
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TABLE 1. VARIABLE ASSIGNMENTS FOR MIXER-EXCHANGER-
MIXER SYSTEM

Assigned number  Variable  Assigned number ~ Variable
1 X1,3 15 F. 7
2 X233 16 Ty
3 %15 17 Ts
4 X9,5 18 Ts
5 X1,7 19 T4
6 X2,7 20 Ts
7 X3,7 21 T']
8 %4,7 22 Q2
9 1 23 2
10 Fy 24 Vi
11 F3 25 71
12 Fy 26 ATyns
13 Fs 27 Vs
14 Fg 28 12}

the occurrence matrix will not contain any entries in the
column representing the known variable.
A design variable is assigned a numerical value by the
designer.
x,=C (4)

It is simply a chosen known variable. Once the design
variables are selected, the columns representing the de-
sign variables may be removed from the occurrence matrix.

Himmelblau (1967) defines a trianglar occurrence ma-
trix as a square matrix in which all elements on one side
of the diagonal are flagged false. A triangular occurrence
matrix with all main diagonal elements flagged true rep-
resents a one-to-one solution sequence. The main diagonal
defines an admissable output set for the system of equa-
tions. A system of equations is determinant if an admiss-
able output set exists for the system. Therefore, a trian-
gular occurrence matrix is a representation of the objec-
tive function.

PROPERTIES OF THE LEE-CHRISTENSEN-RUDD
ALGORITHM

One of the first attempts to make design variable selec-
tions on a mathematical basis was that of Lee et al (1966).
This algorithm will be termed the LCR algorithm (Ap-
pendix A). The LCR algorithm has three useful properties.
1, The LCR algorithm reaches termination only for sys-
tems of equations which do not contain persistent iteration.
9. The LCR algorithm defines an admissable output set..
3. The LCR algorithm defines a one-to-one solution se-
quence which is the reverse of the equation elimination
sequence.

THE REARRANGED MATRIX
By using the principles of the LCR algorithm, two algo-

rithms were devised which convert the occurrence matrix
representation for a system of equations to a second occur-
rence matrix called the rearranged matrix. The equation
ordering algorithm and the variable group algorithm (Ap-
pendix B) convert the occurrence matrix to a form which is
a nonsquare, almost triangular matrix. The equation order-
ing algorithm uses the third property of the LCR algor-
ithm to order the equations into a one-to-one solution
sequence which begins with the top row and proceeds
consecutively to the bottom row. The variable group
algorithm packs the admissable output variables in the
leftmost columns of the matrix.

The rearranged matrix of the mixer-exchanger-mixer
system is shown in Figure 4.
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V1 [2(3]4a|5|6|7|8]9|10]11]12]13]14]15]16]17|18]19]|20|21 |22|23|24|2526|27|28| f;
3iX[X 2
5 X | X 2
7 X XX |X 4
8 | X X X 3
X X X X 4
13 X X X X 4
14 X X X X 4
15 X X 3
17 X | X | X 3
18 X X 2
19 X X 2
20 X X 3
21 X|X|X XX |X 6
22 X X X X X 5
23 X X X X 4
24 X X X| X 5
25 X X X 3
26 X | X X 3
27 X [X]|X X 4
28 X X|x|3
(31 |32]2]2|2|1|3|4|7|2]|7 el {3|3(e{t|[v|3[t]t1|t]2]1]1

Fig. 3. The occurrence matrix,

PROPERTIES OF THE REARRANGED MATRIX

To facilitate the discussion of the properties of the
rearranged matrix, some definitions will be made.

New variables. The new variables of an equation in
a rearranged matrix are those variables which do not
appear in any row above the row containing the specified
equation.

Platform variables. Platform variables of an equation
are new variables of an equation in which there are more
than one new variable.

Output variable. An output variable of an equation
is the new variable of an equation in which there is only
one new variable.

For the rearranged matrix in Figure 4, there are seven
sets of platform variables:

Equation Platform variables
(19) 11,13
(23) 18, 22
(18) 10, 12
(22) 17,19
(25) 24, 25
(28) 15, 27, 28
(24) 20, 21

The variables which are not platform variables are output
variables of the equations in which they are new variables.

Variable groups. Variable group i is the set composed
of all variables to the left of the (i+1)* set of plat-
form variables. The final variable group will consist of
all variables in the occurrence matrix. Group zero will
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be defined as the empty set (¢).

Subgroups of variables. Subgroup i is defined as the
complement of the intersection of variable group (i — 1)
and variable group i.

Equations associated with a subgroup. The set of equa-
tions whose new variables form a subgroup of variables
is defined as the set of equations associated with the
subgroup.

For the rearranged matrix of Figure 4, the following
groupings are derived from the definitions:

Subgroups of variables Subgroup equations
SG1=11,13 ESG1 =19
SG2 = 18,22 ESG2 = 23

SG3=10,12,9,1,3,4,2
SG4 =17, 19, 26, 23, 16

ESG3 =18,17,8,11,5,3
ESG4 = 22,27, 26, 21

SG5 = 24, 25 ESC5 = 25
SG6 = ESGS =
15, 27, 28, 14,7, 6, 5, 8 28, 20, 15, 14, 13,7
SGT = 20, 21 ESGT = 24

PARTITIONS OF A REARRANGED MATRIX

The algorithms which produce the rearranged matrix
are constructed such that the variables in a subgroup
are in consecutive columns of the matrix. The equations
associated with a subgroup are also in consecutive rows.

If a rearranged matrix has n subgroups; SG1, SG2,,
SGn, the columns will be partitioned into n sets of col-
umns whose variables are in a subgroup. The rows will
be partitioned into n sets of rows whose equations are

AIChE Journal (Vol. 22, No. 1)



EVH 13{18122[10]12[ 9|1 |34 |2 [17]19{26|23[16{24|25|15(27|28|14| 7 [6 | 5|8 (20121 ] f{
19X |X 2
23X XXX 4
18 XX 2
17]X X X 3
8|X XX 3
XX XX 4
5 XX 2
3 X X 2
22 XXX XX 5
27 X XXX 4
26 X XX 3
21 X X X X X X 6
25| X X|X 3
28 XXX 3
20 X X X 3
15 X X|X 3
4 X X X X 4
I3 X X X X 4
7 XX XX 4
24 X X X XIX1{5
Tii7|7)3[3{412{313(3|2[1(3]2(2] V{11 |6]tjti3f2(2[2]1]1}]

Fig. 4. The rearranged matrix,

associated with the n subgroups. The partitions of the
example rearranged matrix are shown in Figure 5.

PLATFORM DESIGN VARIABLE COMBINATIONS

For a rearranged matrix, the columns containing the
platform variables result in the deviation of the rectangular
rearranged matrix from a square triangular matrix. The
platform variables are contained in the first row of each
main diagonal partition. If columns containing platform
variables were removed from the rearranged matrix such
that each equation containing platform variables had only
an output variable, the reduced matrix would be a square
triangular matrix with all main diagonal elements flagged
true. Such a triangular matrix has an associated one-to-
one solution sequence and is a minimum difficulty solu-
tion sequence.

The platform variable columns can be removed from
the occurrence matrix by designating the platform vari-
ables as design variables. The elimination of the columns
of any combination of platform variables which reduces
the matrix to a triangular matrix is an optimal set of
design variable choices.

The partitions along the main diagonal define the num-
ber of design variables associated with a subgroup. The
number of design variables associated with a subgroup is
the number of platform variables in the subgroup minus
one.

For the example of Figure 5, there are seven sets of
platform variables. Each of these sets is statistically in-
dependent which results in 2°2%2°2°2°3*2 = 192 pos-
sible combinations of platform variables which, if selected
as design variables, will result in one-to-one solution
sequences.

AIChE Journal (Vol. 22, No. 1)

SOLUTION MAPPING

The rearranged matrix has generated much informa-
tion about the selection of design variables. However,
the platform variable selections are not necessarily all
of the optimal combinations which exist for a problem.
If the platform design variable selections do not satisfy
the needs of the designs, then a more involved study is
needed.

A detailed explanation of the solution mapping prin-
ciples is beyond the scope of this presentation, but such
a treatment with numerous examples is available in Book
(1974). This presentation will be concerned with intro-
ducing the basic principles upon which the solution map-
ping theory is based and with its applications. The example
problem in this presentation contains at least one of every
different logic loop encountered in the development of
the theory. An analysis of the example should give the
reader an understanding of all possible logic steps which
might be encountered.

BASIC PRINCIPLES OF THE SOLUTION MAPPING
THEORY

The solution mapping theory operates on rearranged
matrices. The most important property of the rearranged
matrix is that any submatrix composed of the top i rows
is a rearranged matrix for the i equations it contains. These
submatrices are also independent of the remaining por-
tion of the rearranged matrix. This allows a submatrix
of the top i rows to be analyzed as if it were a complete
rearranged matrix.

A second concept which is used in the solution mapping
theory is equation and subgroup dependence. Equation

January, 1976 Page 59



N
W
o
N
Y
™
O
o
')
\l
™o
@®
S
ﬂ
()]
3]
®
Y]
(@]
n
=y

—
B

eelx[ JLL LT [ LT T LT TP Py [ LT T[] ]

—

XXX |XIX
>
x

x
(S0 1 VN I N N VR O OV  NOVE O R NN BN KGN I\ SE VR R R KR KO Y

>
4
£
x

17T 7313412131313 2][1{[3|2]2

2]
(&3
N
N
N

Fig. 5. Partitions of the rearranged matrix.

i (Ej) is dependent on equation i (Ei) if it is necessory
to solve equation i before equation § can be solved. Equa-
tion j is directly dependent on equation i if a new vari-
able of equation i appears in equation j. Equation j is
dependent on equation i if there exists a series of n equa-
tions [Ek, E(k + 1), =, E(k + n)] such that Ej is
directly dependent on Ek which is directly dependent
on E(k 4+ 1) which is directly dependent on E(k + n)
which is directly dependent on Ei. An equation Ej which
is not dependent on Ei is said to be independent of Ei.
An equation Ej is totally independent if there exists no
equation Ei where Ej is directly dependent on Ei. Equa-
tions will not be considered dependent upon themselves.

The properties of the rearranged matrix are such that
an equation associated with subgroup ¢ is always de-
pendent on the equation which contains the platform
variables in subgroup i.

The algorithm EDVFIX (Appendix C) determines the
rows of the rearranged matrix which contain equations
which are dependent on the equation in row j.

A similar concept is used to determine the order of
computation of subgroups of variables. The partition of
the rearranged matrix composed of the columns contain-
ing the variables in SGj and the rows containing the equa-
tions in ESGi will be called partition 4, j or P(4, f).

A subgroup interaction matrix is formed from the parti-
tions of a rearranged matrix. For a rearranged matrix
with n subgroups, the subgroup interaction matrix is a
square matrix with n rows and n columns. If P(4, j) has
one or more elements flagged true, then element 4, § of
the subgroup interaction matrix is flagged true. If P(4, §)
has no elements flagged true, then element 4, j of the
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subgroup interaction matrix is flagged false.

When row  of the rearranged matrix is analyzed, the
subgroup interaction matrix is developed, considering only
the equations dependent on the equation in row f. Sub-
group i is dependent on subgroup j if the variables in
subgroup j must be calculated before it is possible to solve
for the variables in subgroup i. If subgroup i is not de-
pendent on subgroup j, the variables of subgroup i can
be solved for before the variables of subgroup j, and sub-
group i is said to be independent of subgroup j.

Subgroup i is directly dependent on subgroup j if ele-
ment 4, j of the subgroup interaction matrix is flagged
true. Subgroup i is indirectly dependent on subgroup §
if there exists a set of n subgroups [SGk, SG(k + 1), -,
SG(k + n)] such that subgroup i is directly dependent
on subgroup k which is directly dependent on subgroup
(k 4+ I)' and subgroup (k + n) is directly dependent
on subgroup j. A subgroup f is totally independent if there
exists no subgroup i (where i does not equal j) for which
subgroup j is directly dependent on subgroup i.

The subgroup interaction matrix is a triangular matrix
with all main diagonal elements flagged true. All sub-
groups are dependent on themselves, and subgroup i is
independent of all subgroups j if j is greater than i, SG1
is always a totally independent subgroup.

Friedman and Ramirez (1973) demonstrated a directed
graph (digraph) representation for a square occurrence
matrix with all main diagonal elements flagged true. Each
row forms a node of the graph. The main diagonal ele-
ments form the output element of each node. All non-
main diagonal elements are edges of the graph. The edges
are directed to all nodes in which the output element

AIChE Journal (Vol. 22, No. 1)



Fig. 6. Equation (21)

appears.

For Equation (21) in the mixer-exchanger-mixer ex-
ample, the dependent equations are: (22), (17), (18),
(23), and (19). The partitioned matrix containing only
the dependent equations is shown in Figure 6. The sub-
group interaction matrix for the dependent equations
is shown in Figure 7a, and the digraph representation
for the subgroup interaction matrix is shown in Figure 7b.

The subgroup interaction matrix shows the direct de-
pendencies of the subgroups. Dependence can be deter-
mined by checking all possible directly dependent paths
between the subgroups. The subgroup dependency ma-
trix will be constructed from the subgroup interaction
matrix by checking all possible directly dependent paths
in the subgroup interaction matrix.

If element i, j of the subgroup dependency matrix is
flagged true, then subgroup j is dependent on subgroup i.
If element i, j of the subgroup dependency matrix is
flagged false, then subgroup j is independent of subgroup
i

The subgroup dependency matrix for the dependent
equations of Equation (21) is shown in Figure 8g, and
the digraph representation is shown in Figure 8b. Algo-
rithm SDMFIX (Appendix D) constructs a row of the sub-
group dependency matrix from the subgroup interaction
matrix. All main diagonal elements of the subgroup inter-
action matrix must be flagged true.

EQUATIONS WITH DEGREES OF FREEDOM OF TWO

An equation whose functional relationship is composed
of only two variables is a special class of equations:

AIChE Journal (Vol. 22, No. 1)

with dependent equations.

f(%e, %) =0 (5)

There are three properties which are important to this
class of equations when design variables are selected:

1. Selecting both x, and x, as design variables results
in an equation which is overspecified.

2. If x, is in an optimal design variable combination, xy
will also appear in at least one optimal combination.

3. If x; does not appear in any optimal combinations
of design variables, then x;, will not appear in any optimal
combinations.

Properties 2 and 3 can be shown by assigning a nu-
merical value to variable x,. The equation is now a degree
one equation and can be solved for xp. Thus, by solving
the degree two equation, both x, and x, have numerical
values, If x, appears in an optimal combination, x, can
be chosen instead of x, in that optimal combination.

THE SOLUTION MAPPING TECHNIQUE

Since there can be a large number of combinations of
design variables that result in one-to-one solution se-
quences, the result of the solution mapping should be a
very compact expression of large sets of combinations. A
matrix is a very compact unit for expressing large sets
of combinations. The solution mapping matrix expresses
the combinations of design variables that result in mini-
mum difficulty solution sequences.

The solution mapping matrix is formed from the entries
in the rearranged matrix. It has been shown that the
platform variable entries in the rearranged matrix express
optimal combinations of design variables. These entries
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£ v SGI |SG2|SG3(SG4
ESGI| X

ESG2] X X

ESG3| X X

ESG4 X X X

Fig. 7a. Subgroup interaction matrix.

£ SGI |SG2[{SG3|SG4
ESGI| X

ESG2; X X

ESG3| X X

ESG4| X X X X

Fig. 8a. Subgroup dependency matrix,

Fig. 7b. Digraph representation.

will remain in the solution mapping matrix. The criterion
for determining whether or not the other entries stay in
the solution mapping matrix is termed the acceptabiliy
criterion.

THE ACCEPTABILITY CRITERION

The acceptability criterion is applied for each subgroup
of each equation starting in the first row of the rearranged
matrix and proceeding consecutively down the matrix.

The acceptability criterion when applied to a specific
equation, will not consider any new variables introduced
to the structural matrix by that equation (platform or
output variables).

The acceptability criterion is first applied to the flagged
entries in the first subgroup. Next, it is applied to any en-
tries which remain in both subgroup 1 and 2. This is fol-
lowed by an analysis of remaining entries in SG1, SG2, and
SG3. This procedure is iterated until all entries in the equa-
tion have been analyzed.

If all remaining flagged entries in the set of subgroups
being analyzed are a wholly contained subset of any
optimal design variable combination, then the entries are
retained in the matrix. Otherwise, the entries in the de-
pendent subgroups of the highest numbered subgroup
being analyzed are removed. (Note that a subgroup is
considered dependent upon itself.)

The subgroup dependency matrix of Equation (21)
and its digraph representation shown in Figure 8 will
be used to demonstrate the procedure for applying the
acceptability criterion. If the set of entries in subgroup 1
of the row being analyzed [Equation (21)] is a subset
of any optimal combination of design variables, nothing
would be done to the entries in subgroup 1 [the entry in
SG1 is acceptable in Equation (21)]. If the entries in
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Fig. 8b. Digraph representation.

subgroup 1 failed the acceptability criterion, then the
entries in subgroup 1 of Equation (26) would be removed
from the solution mapping matrix. The algorithm then
studies the entries which remain in subgroups 1 and 2.
If the entries fulfill the acceptability criterion [those of
Equation (21) do], the algorithm proceeds to the entries
in SG1, SG2, and SG3. If the SG1 and SG2 entries had
failed the acceptability criterion, then all entries in SG1
and SG2 must be removed. This must be done because
SG1 and SG2 are dependent on SG2 (Figure 8b). (Note
that row two of the subgroup dependency matrix has
entries in both columns 1 and 2, which indicates the
dependent subgroups of SG2.) When the entries in SG1
SG2, and SG3 are analyzed, only the entries in SG1 and
SG3 are removed upon failure of the acceptability criteria
[the entries in Equation (21) fail]. (Row 3 of the sub-
group dependency matrix has the first and third column
flagged true; hence SG2 is independent of SG3.) Entries
in SG1, SG2, §G3, and SG4 are removed if the entries
fail the acceptability criterion when all the entries are
analyzed except the new variable in Equation (21). How-
ever, these entries are acceptable, so the analysis of Equa-
tion (21) concludes with entries remaining in SG2 and
SGA4,

The acceptability algorithm (Appendix E) determines
if a set of entries are in an optimal combination by de-
termining if the entries are replaceable for a set of plat-
form variables which are known to be optimal. The ac-
ceptability algorithm operates on the entries in the solu-
tion mapping matrix.

THEORY OF THE ACCEPTABILITY CRITERION

The properties of degree two equations are the basis
for the acceptability criterion. For the rearranged matrix

AIChE Journal (Vol. 22, No. 1)
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Fig. 9. Examples of some simple systems.
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in Figure 9a, the platform variable entries in Equation
(1) have two optimal combinations (VI or V2). Since
Equation (2) is a degree two equation, property two
of degree two equations demonstrates that new variable
3 is replaceable for variable 1 if variable 1 appears in an
optimal combination of design variables., Variable 1 is a
platform variable of Equation (1) and therefore, is in
an optimal combination, The acceptability criterion is ful-
filled, and the entries in Equation (2) would be left in
the solution mapping matrix.

For the rearranged matrix in Figure 9b, there are three
optimal combinations of platform variables in Equation

(1):

Combination Design variables
1 Vi, v2
2 V1,V3
3 Ve, v3

Both entries in Equation (2) (excepting new variable
4), appear in optimal combination 2. The entries would,
theretfore, fulfill the acceptability criterion, and the solution
mapping and the rearranged matrix are identical (no
entries could be removed). Properties of degree two
equations can be used to demonstrate this rational. If
variable 3 is chosen as a design variable, and if the column
it appears in is removed from the matrix, the result is
shown in Figure 9¢. This matrix is identical to the matrix
in Figure 9a, and the properties of degree two equations
can be applied to show that variable 4 is replaceable for
variable 1 (this is conditional on variable 3 being also
chosen. Similarly, choosing variable 1 as a design vari-
able and removing it from the matrix will demonstrate
that variable 4 is replaceable for variable 3. The entries
are left in the solution mapping because they describe
some additional optimal combinations involving variable 4.

The matrix shown in Figure 9d has the same three
combinations of platform variables as Figure 9¢. However,
the entries in Equation (2) fail the acceptability criterion.
All three entries do not appear in a single optimal com-
bination. The equation cannot be reduced to a degree
two equation such that one of the entries which remain
is in an optimal combination. The entries in Equation (2)
provide no information about additional optimal com-
binations of design variables (they fail the acceptability
criterion), and the entries can be removed. The solu-
tion mapping for the rearranged matrix in Figure 9d is
shown in Figure 9e.

EQUIVALENCING DEGREE TWO EQUATIONS

To make the solution mapping more compact and re-
duce combinational problems, equations which have only
two entries remaining in the solution mapping after ap-
plication of the acceptability criteria and are not platform
variable equations can be equivalenced. If the entries in
the equation being equivalenced are removed, then the
rightmost column which had contained an entry is moved
into the leftmost column. The following rules are ap-
plicable:

Right Left Resultin Right Left Resultin
column column left column column column left column

0 - 0 = 0 1 » 1 = ¢
0 » 1 = 1 0 —» ¢ = ¢

If, when subsequent rows in the matrix are analyzed
a ¢ is encountered, the subgroup containing the ¢ will
fail the acceptability criteria.
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For the example rearranged matrix in Figure 10a, the
solution mapping matrix is shown in Figure 10b (this
requires several intermediate steps). The original matrix
has C;7 = 21 possible combinations of two design vari-
ables. The solution mapping contains only C;* = 3 pos-
sible combinations, all of which are optimal.

Design
Combination variables Actual combinations
1 V1,Vv9 V1,V2or V1 V5
2 V1,V10 V1,V3o0orVl1,Vdor V1 V6
3 V9, V10 V2,V3orV2,V4orv2, V6 or
V5,V3or V3, V4 or V3, V6

Variable 9 is equivalent to either variable 2 or 5, and
variable 10 is equivalent to variable 3, 4 or 6. The three
combinations actually represent eleven optimal combina-
tions. Equivalencing is not necessary to obtain a solution
mapping; however, it reduces the number of entries in
the solution mapping matrix.

ANALYZING THE SOLUTION MAPPING MATRIX

The solution mapping algorithm (Appendix F) com-
bines the logic of the basic principles in the form of an
executive algorithm. When the algorithm is applied to the
rearranged matrix for the mixer-exchanger-mixer example,
the resulting solution mapping is shown in Figure 11.
Variable 30 is an equivalence for variables 1, 2, 3, and 4.
Figure 12a is the digraph representation of the solution
mapping entries. The graph is disjoint and can be broken
into three separate matrices.

Nlilzaislalslel7)e
x| x| x 3
2 x | x 2
3 X X 2
4 X X 2
5 X | X x| x|a
il el3|3|1 2]

Fig. 10a. Example of equivalencing degree two equations.

\

E | 9 [ 10} f,

| X X X V9 =V2 OR V5
VIO=V3 OR Va4

Tj OR V6

Fig. 10b. The solution mapping.

SG2 and SG4 form a 5 by 3 matrix. One design vari-
able is associated with each of SG2 and SG4; hence, two
design variables must come from the five variables in SG2
and SG4 to obtain a minimum difficulty solution sequence.
The Cs® = 10 possible combinations can easily be tried
to determine that eight are optimal combinations.

V[11]13|{18]22||10]12] 9 [30 17119{26|23[16[[24{25]|15[27[28[!14| 7| 6| 5[8]]20]2]

19X [X

e TADACT T T T I T T L T L L LT JE ]

I8 XX

I7]X X X

81X XX

22 X XX

27

26

21 X X

25| X

28

20 X

15

14 X X

13 X X

249

Fig. 11. The solution mapping.
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SG7

Fig. 12a. Digraph representation of solution mapping.

$G2

SGI @ 563

Fig. 12b. Collapsed digraph representation.

SG7 has only two variables and one equation with C,?
= 2 possible combinations, Both are optimal combina-
tions.

SG1, SG3, SG5, and SG6 form a 15 by 10 matrix.
The Cy!® = 3003 combinations can be easily analyzed
by computer (with the design variable algorithm, (Ap-
pendix G). Each optimal combination which contains
variable 30 is actually four combinations owing to equiv-
alencing. There are a total of 633 optimal combinations
for the matrix.

For the original occurrence matrix, there are 2°8°633
= 10 128 optimal combinations of eight design variables.

COLLAPSING THE DIGRAPH OF THE SOLUTION
MAPPING

The computer analysis does not have to be performed
to analyze the 3003 possible combinations associated
with SG1, SG3, SG5, and SG6. The digraph representa-
tion has SG5 and SG6 with edges directed toward no
other subgroup. To obtain a minimum difficulty solution
sequence, there must be at least one design variable in
SG3 and at least two design variables in SG6 (the design
variables associated with these two groups). The designer
can choose the best combination of three design variables
which satisfy SG5 and SG6 requirements and remove them
from the matrix. The remaining matrix will be a 12
by 10 matrix. This matrix will have only sixty-six possible
combinations remaining,

If the number of combinations remaining is too large
to be analyzed, then the designer can choose optimal
design variables in SG4, SG5, 8GB, and SG7. The design
variable columns can be removed, and a second solution
mapping for the reduced system of equations can be ob-
tained. The digraph representation for the large disjoint
section will no longer contain SG5 or SG6 (Figure 12b).
Some of the variables formerly in SG5 may now appear
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in SG1. Former SG6 variables may now appear in SG3 or
SG1. Iteration of this process will collapse any digraph
representation.

SUMMARY

The solution mapping theory results in more informa-
tion than just the reduction of the combinatorial prob-
lems from 3 108 105 possible combinations to 3 015 pos-
sible combinations in smaller matrices. The platform de-
sign variable combinations are easily and quickly ob-
tained and may satisfy the design variable selection re-
quirements of the designer.

Collapsing the digraph representation allows systematic
reduction of the matrix for systems in which combinatorial
problems are inherent in the solution mapping matrix.
This allows the designer to obtain the optimal combina-
tion best suited to a specific design problem by hand in
systems which could not be handled previously by high-
speed computing machines.

The structural information demonstrated in the digraph
representation of the solution mapping defines the sub-
groups of variables in which the design variables are
trapped. The single design variable associated with SG2
and the one design variable associated with SG4 are
trapped in these two subgroups. The one design variable
in SG2 may be transferred to SG4, but there must be at
least one design variable in SG4 to obtain a minimum
difficulty solution sequence. Similarly, one design variable
is trapped in SG7.

The large disjoint section of the graph can be dissected
to obtain more detailed information. There are only two
variables in SG5, but at least one is required as a design
variable. If both can be chosen as design variables, SG1
must give up its design variable. SG6 requires a mini-
mum of two design variables but can use additional vari-
ables from either SG1 or SG3.

Once an optimal combination of design variables is
chosen and their columns removed from the matrix, the
solution sequence can be obtained by applying the equa-
tion ordering and variable group algorithms to the re-
sulting square matrix. This will result in a triangular ma-
trix. The main diagonal will contain the variable for
which each equation is solved.

NOTATION

a integer subscript of variable

A; = heat transfer area of equipment k (area units)

b = integer subscript of variable

C = numerical constant

C; = mean molar heat capacity of stream j (energy/
mole—deg.)

CyM = function for obtaining total number of possible
combinations

D = number of design variables or degrees of freedom

Ei = equation numered {

ESGi = set of equations associated with subgroup i

f = set of mathematical operators

fi = equation degrees of freedom of equation ¢

F; = flow rate of stream j (moles/unit time)

i = integer constant or subscript of variable

i = integer constant or subscript of variable

k = integer constant or subscript of variable

K = number of subgroups in rearranged matrix

M = number of unknown variables in occurrence ma-
trix

n = integer constant or subscript of variable

N = number of equations in occurrence matrix

P(i,j) = partition i, j of rearranged matrix or solution

mapping
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heat transferred in equipment k (energy/unit
time)

P
1

SGi = subgroup of variables numbered

tx = residence time for equipment k (unit time)

T; = temperature of stream j (deg.)

Ux = heat transfer coefficient for equipment k (energy/
area—unit time—deg.)

Vi = liquid volume in equipment k (volume)

Vi = variable numbered i

x = unknown variable

% = unknown variable numbered i

x;; = mole fraction of component { in stream §

ATymy, = log mean temperature difference for equipment
k (deg.)

pi = mean molar density of stream j (mole/volume)

r; = variable degrees of freedom of variable j

¢ = empty set indicator
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APPENDIX A. THE LEE-CHRISTENSEN-RUDD ALGORITHM

(i). Calculate the variable degrees of freedom considering
only the equations not eliminated by the LCR Algorithm. Go
to (ii).

(ii). Locate a column with variable degree of freedom equal
to one. If no degree one variable exists, go to (vii). Otherwise,
go to (iii).

(iii). Locate the row which contains the degree one variable.
Go to (iv).

(iv). Eliminate both the row and column which contain the
degree one variable. Go to (v).

(v). If all the equations have been eliminated, Go to (vi).
Otherwise, return to (i).

(vi). Output all columns which have not been eliminated as
the optimal design variable set. Stop.

(vii). Persistent iteration encountered. Algorithm fails.

APPENDIX B. THE EQUATION ORDERING AND
VARIABLE GROUP ALGORITHMS

(i). Calculate variable degrees of freedom considering only
the equations not eliminated by the equation ordering Algor-
ithm. Go to (ii).

(ii). Proceeding left to right, locate the leftmost column
whose variable degree of freedom is one. If no degree one
variable exists, go to (iv). Interchange the row of the matrix
which contains the degree one variable with the bottom row of
the matrix which has not been eliminated by the equation
ordering Algorithm. Go to (iii).

(iii). Eliminate the bottom row which does not contain an
eliminated equation. Go to (v).

(iv). Persistent iteration encountered. Stop.

(v). If all the equations or all equations except one have
been eliminated, stop. Otherwise, go to (i).

(i). Set subgroup counter t to zero. Go to (ii).

(ii). Calculate the equation degrees of freedom considering
only those columns of the matrix which have not been elim-
inated by the variable group algorithm. Go to (iii).

(iii). Proceeding from top to bottom, find the topmost equa-
tion whose equation degree of freedom is one. If no degree one
equation exists, go to %ix). Store the degree one row outside
the matrix and vacate (remove all entries in) the row of the
matrix which had held the degree one equation. Go to (iv).

(iv). If the row immediately above the vacated row has an
equation degree of freedom equal to zero, go to (vi). Other-
wise, go to (V).

(v). Remove the entries from the row immediately above the
vacated row and place the entries in the vacated row. The va-
cated row is now one row higher in the matrix. Go to (iv).

(vi). Put the stored degree one equation into the vacated
row. Go to (vii).

(vii). Interchange the column containing the variable in the
degree one equation with the leftmost column which has not
been eliminated by the variable group algorithm. Go to (viii).

(viii). Eliminate the leftmost column which has not been
eliminated by the variable group algorithm. Go to (xiii).

(ix). Find the topmost row which has an equation degree of
freedom greater than zero. Define this value as fqp. Go to (x).

(x). Increment subgroup encounter t by one. vgout(tl)
=t vgout(t,2) = the row number of the row whose equation
degree of freedom is equal to fiop. vgout(t,3) =: the column
number of the leftmost column which has not been eliminated
by the variable group algorithm. vgout(t4) = fiop — 1 (the
number of design and iterative variables associated with sub-
group t). Go to (xi).

(xi). Interchange the fio, columns which have entries in the
topmost equation whose equation degree of freedom is greater
than zero with the fiop leftmost columns which have not
been eliminated by the variable group algorithm. Go to (xii).

(xii). Eliminate the fio, leftmost columns which have not
been eliminated by the variable group algorithm. Go to (xiii).

(xiii). If all the columns or all the columns except one have
been eliminated by the variable group algorithm, stop. Other-
wise, go to (ii).

Matrix vgout contains pointers for defining the rows and
columns of subgroups of variables and equations associated
with a subgroup.
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Cis-1,4 Polymerization of Butadiene Initiated

by CoCl « 4C.H.N-(C H.) AlC|

The effect of catalyst composition on the polymerization of butadiene

initiated by CoCl,-4Py-Et,AlICI-H,0 in a batch reactor has been studied. C. C. HSU
It was found that the polymerization is first order with respect to mono- and
mer and cobalt concentrations, and both the deactivation of catalyst and L. NG

the chain transfer reaction have great influence in conversion as well as
molecular weight. A general conversion model was proposed, and it fits

the experimental data well,
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